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SM3 10.3: Series Notation & Geometric Series

A series is the value you get when you sum the terms of a sequence. We use the Greek letter sigma (Z)
to write sigma notation to indicate which terms of a sequence we’re going to add up.

n

2 means that the series begins with the variable equal to 1 and ends when the variable is n.
k=1

Zf(k) iscalculatedas f(1)+f2)+fB)+-+f(n)
k=1

Example: Expand the series and find the sum of Zizl 6k —1

4
Z6k—1
k=1

=(6-1-1)+(6-2-1)+(6-3-1)+(6-4—1)
=5+11+17+23

=56

When we don’t have an explicit rule for the sequence, we have to build that before we can figure out
the series.

Example: Write the series using sigma notation: ¢ = , ., 80
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The sequence appears to be geometric (multiplicative) because the second value is twice the first.

. 1 5
We'll need to use the geometric sequence formula: a, = a; - r" ! withr = 2, a, = p andn = 8.

8
5

2 3 k=1 Since the coefficient of the exponential has a portion that is also a power of our

k=1 base, we can combine them and further simplify the series expression as follows.

2 5. 2—3 2k—1
An 8 in the denominator is the same as 273.

2 5-2k-4 Add exponents when multiplying two expressions with the same base.



We'd like to be able to evaluate geometric series in a faster manner than expanding the series and
adding up each term.

n
Z k-1 Define s to be the sum of the
s = a, - r )
series.
k=1
Expand and sum the geometric
s= a+ar+ar?+ard+o+art?t P 8

series
(a; +ar+a;r?> +ar3 + -+ arH +

—rs = A gimmick to help simplif
SIS —r(ay + ;v + agr? +ar3 + -+ ar™ ) 8 RS

—_ = 2 3 “es n-1
s—rs a, +avr+a.r°+ a11; + 43— ar + . Distribute the —r-

+(—a;r —ayr* —ar° — - —aqgr™)
s—rs= a;—ar" Almost all terms cancel
sl—-r)= aA-1" Factor out GCFs
1—pn
= M Divide by (1 — 1)
-r

You do not need to memorize the above proof, or be able to prove the identity on your own, but you do

a;(1-r™)

need to memorize that we can use s = to find sums of series rather than adding up terms!

Example: Find the sum of 3+ 9 + 27 + 81 4 --- + 59049

We either recognize that 59049 is 31° or we more likely have to use our geometric sequence knowledge
from the previous lesson to determine this fact.

_ a;(1—71")

,a; =3,r=3,n=10
=, % r n

_3(1-3%)  3(1—59049)  3(—59048)

1-3 = ) = 88572




Expand the series and find the sum:

1) 2771=1 3n—4 2) Z%:o —5n 3) 21111:5(71 - 1)2

4) %40 4(3)1 5) Xoo1— 6) Tiey k2

Write the series using sigma (X) notation:

10) ¢, =4,r=21n=10 11) 10 + 50 + 250 + 1250

) 3J
12) —1+4 2+ —4+ 8 13) 14 —4+ 16+ ..+ 4096
14) 15) —2+ —6+ —18+ ..+ —162

5
20+ 10+ 5+ +§

16) 2 4 32 17) .16+ .8+ ..+ 100
14+ —=+ ot —
T3t Tgt -t
—128 + 64 + —32 2 1 1 1
18) + 64+ 19) 2t 1t

5 10 40 2560

20) 9 729 21)
=+ -



Find the sum of the geometric series by using the geometric sum formula:

22) 2+4+8+16+32+64+128 23)§+§+1+3+---+243
)1 242 242 25) 24 14 o4t ——
2 3 9 27 81 2 4 8 1024
10— 1.p—
26) Yn=13(—)"! 27) Xn=13(=)"!
1. 1.p—
28) Lnz1 4"} 29) 5o, —10Q"

30) Your fridge is running low on milk. The last milk carton has only 1 cup of milk remaining. Your
family has a rule that whoever drinks the last of the milk has to go buy more milk, and you don’t want
that to be you. So each morning, you just drink half of the remaining milk! After a week, your parent
notices the game you are playing and then makes you go buy more milk with your own money for being
such a pain and breaking the spirit of the house rule. Write the sequence of how much milk you drank
each day as sequence m. Write the series s that sums the values of sequence m using sigma notation.

Use the series formula to determine how much milk did you drink during the week where you
attempted to avoid having to buy more milk?



